Ralf Hitpmair Num. of Ell. and Parab. Bound. Value Prob. WS 05/06

Serie 6

Theoretical Exercises: 1.-3.

Practical Exercise: none

1. Consider the following coordinate transformation @ : K — K which maps the unit
square ]0; 1[? to an arbitrary quadrangle with vertices {a; = (x;, yi)}f=1

0G.85) = Gha+H5(1-Sam+(1-H1-S)as+(1-)& ay
and the inverse transformation ¥ := &~
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(i) Compute the Jacobian matrix D®(&) and express its determinant |det D® (&)|
with respect to fl, 52, {det(a; —a;_q|a; — al+1)}l ; (@0 = a4 and a5 = ay)

(ii) Show that for an arbitrary matrix A € RM"V, N e N following holds
Al = lAllF

where ||.||r denotes the Frobenius norm on RY>" which is defined by

1
2

N
_ 2 — (. N
IAlF =D a}] . A= (ai); ;-

i,j=1
(iii) Show that for an arbitrary u € H'(K) following holds

_1
Wl < max [ DWE)|F| det DY E) 2 @l k).

where 7 € H'(K) is defined by (&) = u(®(®)).



(iv) Show that for an arbitrary u € H 2 (K) there holds
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where @ € H2(K) is defined by ﬁ@) = u(<I>(€)).
(vi) Let Q : H'(K) — H'(K) be an operator satisfying:

Qu =u, Yue Qsuchthatu € Q
Show that the inequality
1
lu — Qulgixy <y max DY (&) F|det DW(E)|>
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holds for all u € H?(K), where y is a constant.

Hint: Use the Bramble-Hilbert Lemma:

If Q ¢ R? is a bounded Lipschitz-domain and m € N, then3y =y (m, Q) > 0 :
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. For Q a bounded Lipschitz domain, then prove the following result:
ol < Clollzg I0lp@, Yo € H(Q).
Hint: Prove the result for Q = R? and use the extension theorem.

. Let K be a triangle with vertices (0,0), (1,0), (£,0),with0 <& <1, 0
0 < 1. Using the mapping

N

x= BR) = [}) g]sz

we define the function #(X) = u(®(X)) which is defined on K = ;I;_I(K ). Then,
using the mapping

= b® = [(1) ﬂi (1)



we again define 7(X) = u(®(X)) which is definedon K = & ' (K).
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(1) Prove that
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(ii) Use the shape regularity to prove that 3C, C > 0 such that:
C ||ﬁ||L2(E) < ||’14\||L2(1?) < Cc IIﬁlle(E),
c 625‘ azﬁ‘ — H azﬁ‘
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Hint: Use the formula

r(a+b+c) = 2|K|

where r is the radius of the inscribed circle and a, b and ¢ are the lengths of the

sides.
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(i11) Prove that
3C >0, llu— I kullp2xy < C lulpr)y. “4)

(iv) For a triangular mesh M over €2, show that:
3C >0, u—limullpg < C iy lulpg), (5)

where C > 0 does not depend on the mesh regularity.
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